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I. INTRODUCTION

In determining the performance, by simulation methods, of a
missile system designed to intercept moving targets, it is frequently
necessary to generate the trajectory of the targets during the course
of complicated maneuvers. Various possibilities exist for expressing
the target trajectories without resorting to a full numerical solution
of the target dynamic equations which would require complete knowledge
of all the forces acting on the target.

Target trajectories can be expressed deterministically in terms of
position, velocity, or acceleration components as functions of time
with respect to a particular frame of reference. It is only necessary
to use one of these formulations since the others are obtainable either
by integration or differentiation. Whichever form is used, an inter-
polation process is usually required since typical maneuvers are not
expressible in terms of simple algebraic functions but must, in general,
be represented as arbitrary tabulated functions of time. It is
important that the interpolation process maintain mathematical continuity
of at least target position and velocity since discontinuities in either
of these parameters could have deleterious effects in a simulation. A
typical example is the effect on simulations containing recursive target
tracking filters in a digital tracking signal processor. A further
requirement of the trajectory generation procedure is that it be com-
putationrally efficient with respect to computer time usage. This is an
aspect of particular importance in simulations based on Monte Carlo
sampling since this type tends to consume large amounts of computer
time and a relatively small time reduction in each sample run can
produce significant overall savings.

This report describes a method of trajectory generation which is
designed to satisfy the requirements outlined in the foregoing. It is
based on fitting a series of cubic splines in a piecewise manner to a
set of coordinates describing the position of the talget body at
discrete points in time. The use of cubic splines implies that a third
order polynomial is fitted between the discrete time points, and that
continuity of first and second derivatives is maintained at the break-
points. In this way the technique ensures continuity of position,
velocity, and acceleration. Calculation of the polynomial interpolation
coefficients is performed offline to the simulation and then input and
stored by the simulation program. At any point in the course of the
simulation the target position, velocity, and acceleration ere available
by the evaluation of third, second, and first order polynomials
respectively, one set for each trajectory component.

This report includes a description of a computer program which
performs the offline calculation of interpolation coefficients with the
added facility that the input target trajectory may be specified in
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terms of position, acceleration, or flight path angles at discrete
time points. Target position data input is a particularly useful option
when test range measured positions in an actual trajectory are required
to be input, accelerations are required to be specified in a target-
fixed frame based on the target velocity vector direction.

In addition to the target trajectory in terms of the kinematic
parameters, it is often necessary to know the orient&tion of th2
target. This is particularly the case when detailed radar models are
u3ed which depend on target aspect angles relative to the radar
antenna. The computer program contains an option to calculate the
interpolation coefficients for three Euler angles in the same manner
as for the trajectory position. The Euler angle representatioa
includes the effect of target aerodynamic angle of attack, provided
the requisite input data concerning target lift curve and wing loading
are supplied.

II. TRAJECTORY REPRESENTATION

Output trajectories, expressed in terms of spline interpola-
tion coefficients as functions of time, are defined relative to the
Cartesian exes of an inertial frame which has its origin at a point

on the earth's surface. Input data to the trajectory calculation are
expressed optionally in one of three forms, two of which employ a
reference frame defined by the body velocity vector. The various
reference frames are described in the following peragraphs.

A. Input Reference Frame

This is an orthogonal, right-handed Cartesian frame
with the origin at an arbitrary reference point on the earth's surface.
The X and Y axes lie in the plane of the local horizontal, and the Z
axis is along the downward vertical. Input data to the trajectory
calc,.t.ation which are referenced to an in'ertial frame use this frame.
Thone input data included in this classification are the position
coorditates in option 1 and the initial position and velocity components
of opticis 2 and 3 (see Section IV for descriptions of these options).

"B. Output Inertial Frame

The output inertial frame is also an orthogonal, right-
handed Cartesian system and is related to the input inertial frame,
in general, by a translation and a rotalion. The translation represents
the displacement vector r0of the output frame origin relative to the

input frame, and the rotation is expressed in terms of three Euler

angles 050 6o, O0 through which the input frame rotates in order to
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align itself with the output frame. The relationship of the two frames
is shown in Figure 1, and the angular rotations in going from the input
frame to the output frame are shown in Figure 2. In mathematical terms
the transformation equation is

rutn (T) 01 '-Li (1)

where [T) 0 I is the matrix of direction cosines of the output frame

relative to the LIput frame, and in' ,rOut are vectors expressed

respectively relative to the input and output frames. Expan3ion of
(T]01 into its components gives

T 11 Cos 4 0 Cos 00

T21 ' Cs t0 sin 6 0 sin 0 - Sin ý0 cos 00
T 31 m Cos 1ý 0 sin 0 in 0 sin 00

T T2 - sin p0 cos 0

T2 2 - Cos 40 ccs B 0 + sin i• 0  sin e 0 sin Oo

T3 2 = sin 0 sin e0 cos 0 - Cos 4G sin 0

T - -sin 0
13 0

T " Cos 0 sin23 0 0

T33 - cos e0 cos 0 0

C. Vehicle Velocity Frame

The vehicle velocity frame is a noninertial Cartesian
axis system in which the positiveX vaxis is directed along the body

velocity vector. The Y axis is directed horizontally to the rightv

when looking from the origin along X v and the Z vaxis is normal to the

X - Y plane and thus lies in a vertical plane through the velocity
v v

vector.

In relation to the input inertial frame, the velocity frame is
A• obtained by a rotation 0T about the input inertial frame Z axis, and

a rotation e about the new Y axis position. Origin of the velocity

frame lies at the CG of the body. Figure 3 illustrates the velocity
frame and its relationship to the input inertial frame.
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Figure 1. Input and output inertial frame.
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Figure 2. Input-output frame angular rotations.
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Figure 3. Orientation of velocity frame relative to input frame.

Trajectory specification options 2 and 3 express the body acceler-
ation in this frame. Acceleration components determine the rotational
rate components ýT and which are integrated to give the orientation

of the body velocity frame to the input inertial frame. Let the
acceleration components in the velocity frame be A xv, A y, A zv, and
let the vehicle velocity be V, then

V-A (2)

Xv

A

'1T Vcon T
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-A
S" -(4)

V

from which velocity components in the input inertial frame are

VXI - V cos 0T cos 'T (5)

-V = V Cos BT sin 'T (6)

Vzi = -V sin 0 . (7)

These velocity components are integrated to yield the position of the
body as a function of time from the given initial position and velocity.
Initial position and velocity components are expressed relative to the
input inertial frame. If the initial velocity components relative
to the input frame are VXIC, VyIC, VZIC, then

0TIC " tan - (V-Ic) (8)

and

0TC-sin-1 i.... (9
0VI I ZIC .

III. CUBIC SPLINE INTERPOLATION

This section contains a brief outline of the underlyi~g theory
of curve fitting by means of cubic splines. A more detailed analysis is

S11

Sgiven by Schultz.1

1Schultz, Martin H., Spline Analysis, Prentice-Hall, Inc.,
Englewood Cliffs, New Jersey, 1973.
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The fitting of smooth curves to function values given at discrete
intervals of an independent variable has received considerable atten-
tion in the past. A well-known procedure is that due to Lagrange in

which an Nth order polynomial is fitted to N + 1 function values.
Howe-er, ir ts. also well-known that for values of N of moderate size
and larger, the procedure can diverge and produce highly unsatisfactory

results.

The modern approach to curve fitting has received much impetus from
finite element techniques and has led to the use of piecewise polynomial
fitting with constraints on the derivatives at the end points of each
interval. A requirement for continuity of first derivatives at the
interval end points yields a set of interpolating polynomials which
are "local" in the sense that each polynomial depends only on the
independent variable and function values at the end points of each
interval, As such, it is an extension of the method of piecewise lineat
interpolation which is in common use. This technique, using cubic
polynomials, is described as follows. It shc.ld be noted that although
cubic polynomials are often used, the procedure can readily be general-
ized to higher order polynomials.

Consider a set of N + 2 real numbers x0 < x I < x ..... < XN + I
and an associated set of function values {fi fj i - 0, 1, 2, ... , N + 1

where the prime superscript implies differentiation with respect to x.
Let p(x) be a cubic polynomial such that p(x 1 ) - f I P(xi + 1) , fi + I,

dp(xi)/dx f' and dp(xi + i)/dx - f' + . Also let the interpolated
I i++1

value of f be F; then F may be expressed as

N+ 1

F - I (f ih (xW + f~h,(x)} 10

1- 0

where hi(x) and hi(x) are "basis" functions of x with the following

properties:

hi(xj) = - j 0 < i,j _ N + 1 (11)

2Hamming, Richard W., Introduction to Applied Numerical Analysis,
McGraw-Hill Book Company, New York, 1971, pp. 146-163.
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h•(xj) 0 (12)

dxAI hI(x ) ij (13)

61j is the Kronecker delta function. For i 1, 2, 3, ... , N

(x - x - 1)2 2(x x- -

(x x

(x x 2 2(x xhi) W xi 3 +1 x, <x <x:,+

(xi + 1 -

•0 x~--< 1 xI x-X+lIL /

(14)

r(x - xi)(x - x- 1)2i2 xl 1 < x < x.
(xi - xi .) 2  - -

(x - xi)(Xi • 1 -)

hj(x) - ( xx1  x<_.)i (15)(x i + 1 -xi) 2 1 x x

0 x-< x 1  x >x 1

For 1 - 0

"(- x°0 )
2  Z(x-) . +x1 0 )x

(0(x) (2 0)3 x0 ) 1- _<
2 (x6 xi

I <X< 1

1o 0
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x2 0- - 1
1 0x

hb(x) - (17)

1 xN +1

and for i -N + 1

f (x - x)2 (3 2(x -xN))

hN + 1(x)-

0 0 x +x

(18)

2 X <X<x< N +
xN1+ 1 xN)

x + 1)(x)O

0_<_ x <_ N

(19)

Expanding Equation (10) for the case of xI X < x gives

(fi+l-fi)(X-Xi) 2  2(x - xi)
Fx f+ 1 +1 1 l) 3 x

+ f(xi+ 1 -X)2+fi+ (x - xi) (X +i) (20)
(xi+1 -x d

If a piecewise independent variable is written Ax, where Ax x -i

then a piecewise cubic polynomial may be defined for xi < x
as

~i



2 3p(Lx) -a 0 + atx + aAx + x (21)
0 1 2 3

and the coefficients are obtained from Equation (20) as

ao m fl (22)i
al" fi, (23)

S3(fi + I f ) 2fj + fj+ 1  (24)
a2  + 2 x + I

"-2(fi + -f ) f, + fI +
a3 - 3 + )2 (25)

(x + 1 -xi) (xi+ 1 -+ IX

In many cases the derivatives f' of the function f are not avail-

able and it becnmes necessary to approximate them from values of fi"

A method of performing this approximation is to use local cubic
Lagrange interpolation polynomials to fit a curve through groups of
four points and obtain fV from these polynomials. The procedure is

i
described as follows. Let the Lagrange polynomials be rk(x) defined by

3

rk(x) W n (x) f (for N> 2) (26)k k~i k+ i
i-0

where

3

(x xkj;• .J "0 ( Xk + j)

W (27)
-ki(x) 3

j - 0 (xk+i xk+j)

j #i

12
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which interpolates fk + i for i - 0, 1, 2. 3. Derivatives of f may

then be approximated as follows:

fb " dx 2 x 2 (ri_,. l(xi)) 2<iN-i

(ri -2 (xi)) iN
dl

r. (ri - 3 (xi) i N+l1 (28)

The term "spline interpolation" implies the fitting of polynomials
in a piecewise manner as described but with the added constraint that

second and higher derivatives of the function are given continuity at
the interval end points, thus simulating the effect of forcing a thin,
flexible spline to pass through the function points. The physical
process of clamping a spline to a certain number of function values is

one that is commonly used in naval architecture and ship design. For
the purposes of this report, the spline functions considered will be
restricted to cubic polynomials and only second derivatives will be

th
equated at interval end points. The general case of k order poly-
nomials used is often referred to as B-spline fitting.

To illustrate the cubic spline interpolation process, consider

again the set of function values fl corresponding to a ret of

independent variable breakpoints xi, i - 0, 1, 2, ... , N + 1. Let

p(x) be the cubic interpolating polynomial for the interval

xi x xi and let q(x) be the cubic interpolating polynomial for

the interval xi _x < x, + with the following properties for
1 I < -N

P(Xi) - q(xi) " fi (29)

1-



d (x 4 f(0
TX dx qx)-(0

Using Equation (20), the polynomials p(x) and q(x) may be exý)anded a~bout

the point x~ to give

p(x) P(xj + Dp(x 1 )(x -x) + Ex p(xi - -P(xi)]

2
+ DPX + DP~x (x - x d

+ Ax (P~i 2DP) +xi4x

(xx - Y. d 3x -11

2

+~x --x (p (x~ - -( px 1 ) + DPx x +

q~) qx)+ Dq(x )(-x) + + -q(x~)

S+ i) ADqx1

+ý- rq(xi + 1) - q(xi)] + Dq(x 1 + 1

+ 2Dq (xi) (x-Xi 
(32)

AX12

where

n

dx 1
Ax x -x

1.i 1+1 xi

14



The requirement for continuity of second derivatives at the point xt is

D2 p(xi) - D2q(x ) (33)

and by analogy with the Taylor Series expansion about xi, then

D2 p(x 1 ) 2 (p(x p(xi A X" i AN "i-

+ Dp(x 1 - ) + 2DP(x d (34)

2 " Lx[q(xj 1 ) - q(x3)
D q(x) (qx (

+ Dq(x ) + 2Dq(x (35)

which leads to the requirement

&C -f , + ij(Axi + xii)+ i-i i+

=3 I •'x~z (i + -•)

+ (f f< i <N (36)

SEquation (36) represents a set of N linear equations in fi which may
be written in vector form as

[B - c 1 < ij N N (37)

where the matrix [Bil is given by

15



2 (Axi + Ai 1 1)<. N

X < J -i - 1 _N- 1

Bij - (38)

Ax-1 2j< J i+ 1 <_N

0 otherwise

and the vector c is given by

[3 [0 + o - AXf; i - 1

c 3  xi Axi l < I < N (39)

" "N AN -I

where

Afi fi + f i
5fi i l f fi .. 1

As can be observed from definition Equation (38), the matrix B ij is
tridiagonal and it can be shown 3 that the system of Equations (37)
has a unique solution; in fact, Equations (37) can be readily solved
by Gaussian elimination.

Interpolated function values are then obtained by substituting
in Equation (10), yielding the interpolant F as

N + I N

F f fh (x) - f~h0(x) + f jhj(x) + fN+ lN1(x) (40) •i

3 Schultz, loc. cit.

16
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where f' (1 - 1 2, ... N) have been obtained from the solution of

Equations (37). Note that F is no longer a "local" interpolating
function siince all f1 are used in obtaining f Piecewise polynomial

interpolation coefficients are given by Equations (22) through (25).

It remains only to choose a method of calculating the extremity
derivatives f and f These derivatives may be obtained from

0 ; + 1"
local cubic Lagrange polynomials at k - 0 and k - N - 2 as given in
Equations (17) and (18), i.e.,

3
ro) W f nO i(x). fl (41)

3
rN - 2 (x) W - 2 ,1(x) - 2 + 1 (42)

I=0

and the derivatives f' and f' are approximated as

f; -Dro (X0 ) (43)

-f Dr (x ) (44)

An example of cubic spline curve fitting is contained in Figure 4,
in which function values are indicated at the appropriate breakpoints
in x, and the full line is that obtained by the spline interpolation
process.

IV. TRAJECTORY GENERATION

The input data to the trajectory generation program may be
specified in one of three ways, chosen at the option of the user.
"These options are described in the following paragraphs. All three
options require that the origin translation and frame rotation of the
output frame relative to the input frame be specified. For options
2 and 3, initial body position and velocity relative to the input

1frame must be included in the data.
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A. Option I - Position Input

For this case the input data consists of sets of values
of body position coordinates relative to the input reference frame and
an associated value of time. Data sets should cover the time span of
the trajectory at intervals demanded by the rates of change of
trajectory parameters.

B. Option 2 - Acceleration Input

Applied acceleration components in the body velocity

frame are specified as arbitrary functions of time over the required
time span of the trajectory. The acceleration functions are required
to be specified in units of local gravitational acceleration, and

the local gravity is related to sea level gravity (assuming a spherical
earth) by

g 9 gO R0 + ) (45)

H- /ý+i+ Y (R - - R0  (46)

where g 0 is mean sea-level gravity acceleration, R0 is the mean radius

of the earth, XI, YI. 71 are body coordinates relative to the input

reference frame, and H is the body altitude above the earth's surface.
Derivation of Equation (46) is readily apparent from Figure 5.

The body trajectory is obtained by integrating the kinematic
equations to give position coordinates, as indicated by Equations (2)
through (7). Acceleration functions are assumed to be continuous
between the specified data points; linear interpolation in the functions
is used to obtain intermediate acceleration values.

C. Option 3 - Flight Path Angle Input

For option 3 input data are specified by expressing

flight path angles T and 0T as arbitrary functions of time, together

with the longitudinal acceleration in the velocity frame as a function
of time. The changes in flight path angles between consecutive pairs

of time breakpoints are converted to equivalent accelerations and the

body trajectory is ebtained as in option 2. Fo- this case, however,
the acceleration is assumed to be constant between adjacent pairs of
time breakpoints, and to change discontinuously at each breaKpoinr.

19
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Figure 5. Vehicle altitude above earth's surface.

D. Trajectory Interpolation

Program output consists of sets of polynomial coefficients
at discrete time points contained within t~e input data. The polynomial
coefficients generate the vehicle position as a function of time in the
following manner. Let t be the current time and let the discrete time
breakpoints be t 0 < tI1 < t 2 -. < t N, and let At -t - t i for some
0 < i < N where t i < t < t, + , then

-•X0 =a 0 + a lAt + a t + a t(47)

where X is the X coordinate af vehicle position relative to the output
reference frame and aOu alp ac i a are the polynomial coefficients for
the X coordinate within the time interval ti ao t ei diVCoordinates

2te
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Y and Z are generated by similar sets of coefficients. Coefficients
are calculated for time intervals from to to tN; thus there are N sets

of coefficients for the N + 1 breakpoints.

Velocity and azceleration components are generated by differentia-
tion, i.e.,

V a + 2aAt + 3a bt2  (48)
X0O 2 3

Ax0 2 2 + 6a3At • (49)

From the above it can be seen that the interpolation process
consists simply of determining i for a given value of t and evaluating
Equations (47), (48), and (49) to obtain the vehicle trajectory. In
simulation applications t is inevitably monotonically increasing,
which makes the determination of i a simple matter and avoids extensive
searching of the table of time breakpoints.

V. VEHICLE EULERIAN ANGLES

The Euler angles of the vehicle with respect to the output
reference frame are expressed in the same form as the final output
trajectory, i.e., as sets of spline interpolation coefficients at
discrete intervals in time. An option in the calculation permits the
inclusion of aerodynamic angles of attack under the assumption that
the vehicle is air-supported by fixed wings and that all maneuvering
turns are coordinated. That is, the body sideslip angle is always
zero.

Euler angles of the vehicle with respect tc the output reference
frame are defined by three rotations required to align the output frame
with a vehicle-fixed frame. The rotations are B about the Zout axis,

8B about the resultant position of the Yout axis, and 'PB about the

vehicle X axis.

The vehicle velocity frame relative to the output reference frame
has angles 0 TO and 6 O defined similarly to 'PT and 8, for the input
frame. However, *TO and T0 are calculated from velocity components

relative to the output reference frame obtained by differentiating
the cubic spline representation of the trajectory, as indicated in
SecLion IV. If the vehicle velocity components relative to the output
frame are Vxo, Vy0 , Vo, then

21



-JTO tan - (50)

ST sin z (51)
/V X0 +VyO +zV O

To perform a coordinated turn, a roll angle about the velocity
vector is required in order to maintain a balance of forces, as
indicated in Figure 6 which shows that the lift generated normal to the
velocity vector must provide the force to support the body and provide
the forces to produce the lateral accelerations. It is assumed that
acceleration along the velocity vector is produced by external forces
such as engine thrust and aerodynamic drag. The gravitational acceler-
ation acts along the Zin axis and, therefore, transforming to the

output frame the gravitational acceleration is

S- [TI 01  [ (52)

which expands to

gxO -g sin 00  (53)

cyO g Cos 80 sin 0  (54)

gz0 g cos O0 cos 0 0 (55)

The body acceleration, rep:esented by the trajectory interpolation
coefficients, is A relative to the output frame. For the force

balance of Figure 6, this must be transformed to the body velocity
frame through the angles •TO and 0TO' The lateral acceleration terms

in the velocity frame are thus

A -Ax sin 0 + A Cos (56)
yv0 X PTO+AyO 1TO

22
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Figure 6. Vehicle lateral force balance.

A A cos •i sin e + A sin sin O + A cos 0
zvO x0 TO * TO YO WTO TO ZO TO

(57)

and the gravitational acceleration transformed to the body frame is,
in the lateral directions

SyvO -gxO sin "TO + g 0 co os TO (58)

0 co 0 T0 sin 0T0 + gy sin sinTO e +0 T g +z0 coTO

(59)
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where A0 , Ay0 , AZ0 are components of A in the output frame. The

vehicle lift force L must provide a component along Z, which has a

resultant acceleration of Azv 0 and a horizontal component which has a

resultant acceleration of Ayv 0 with L acting normal to the vehicle

wingspan and velocity vector. Thus, the vehicle bank angle is given
by

T0 tan-l 0(yv0 yV0) (60)

and the lift force L is given by

L - Ayv0 - gyv0) + (gz 0  zv02 (61)

where W is the vehicle weight. iNote that in Equation (60) if both
numerator and denominator are zero, *TO is undefined since this would

be the case of the body falling freely under gravity. A further point
to be ccrefully considered concerns the definition of the vehicle
velocity frame. If e0 0 0 or •0 0 0, then the .elocity frames obtained

by rotating T' eT from the input reference frame and ýT0' eT0 from

the output reference frame will differ by an apparent roll angle, as
can be deduced from Equation (58) in which the Y axis has a gravita-

v
tional component acting along it, For this reason the acceleration
components Avyv and Az0 are, in general, not equal respectively to

A and A of Section II.
yv zv

If it is assumed that the lift curve for the vehicle can be
approximated by the form given in Figure 7 and is an odd function
about a - 0, the angle of attack can be approximated by first
calculating the vehicle lift coefficient as

2 2
(A jgVO A oo

+
CL v (62)

L 1 2

T PV
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II

CL

L ldcx 1

Figure 7. Idealized lift curve slope. T f

where W/S is the vehicle wing loading, p is the ambient air density,
iand V is thesveh io ot fl speed. The angle of attack is then

CL
a < aI 1.

( /CLa_

a dad CL (63) .

a 1 dC, a > aI:
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are illustrated in Figure 7. Note that a as defined by Equation (63)
is always positive. A set of rotations from the output reference
frame to the vehicle fixed frame is pTO' 0TO' OTO' *TO where

a if (gZv0 - A >- 0

aCI (64)

-azif (gzv0- AzvO < 0

These rotations may be expressed as a set of matrix products to form
a transformation matrix of direction cosines which rotates the output
reference frame to the vehicle fixed frame as follows:

(t[T] ][t ][t lit ]t1 (65)

where

. cos aTO 0 TO

(t]-1  0 1 (66)

[sin aT0 0 cos aT 0 |

[t,] - Cos T0 sin kT] (67)

0 -sin TO cos *TOJ

rco s ET 0 -sill eT
ft[t1 0 1 0 (68)

lsin 6T 0 ccs 0 T0

L TO T

[t [ = -sin OTcos l 0 (69)
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The transformation matrix (T]O is equivalent to a matrix of

direction cosines formed from the Euler angles ýB' B and TheB* ' OBBcs

direction cosine matrix contains eJ.lements of the same form as that
given for the expansion of [To (Paragraph II.B) with 'Bý %' ¢B

substituted for %0, 0O €0, " By inspection of the terms in the

expansion of [T]I, the Euler angles are given by

oil

tan tl (70)

0 sin-' (-t 1 3 ) (71)

-B tan t 3(72)

where t 12 , t13, t 2 3 , t 3 3 are elements of the matrix [TIVO. Evaluating

these terms from Equations (66) through (69), the vehicle Fuler angles
are

cos e sin Cos in e Cos cos O sin a
ta-11 TO TO iO T OB TO ~TO io

B a Cos 0 TO Cos1PTO Cos a T -sin ~TO sin 4 TOsinca TO /
(73)

S- sin (sin 0T C TO + Cos 0 Cos TO sin a (74)

B TO T T O TO)

Cos eTO sin *TO(
- tan' ~cos eTO Cos *TO cos -TO sin 6 TO sin a ý75

It should be noted that if the vehicle angle of attack is negligible,
then Euler angles are easily deducible from the trajectory interpolation
coefficients via the first and second derivatives of the interpolating
polynomial and Equations (50), (51), and (60). In this case the
calculation of Euler angle interpolation coefficients is unnecessary.

A further consideration in the calculation of polynomial inter-
polation coefficients for the Euler angles concerns the range of
values taken by the Euler angles themselves. Equations (73) and (75)
normally yield principal values of the angles, i.e., in the range ±E.
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I•
Thus, when the angles pass from a value close to n to one close to
-n the spline fitting process will assume that the angle has passed
through zero giving rise to incorrect results. To counteract this
effect, the range of vluues taken by the angle must be extended by
converting the principal values to 0 to 2H and permitting the angle
to go beyond this range by adding or subtracting 29 when the angle
crosses from the fourth to the first quadrant or from first to the
fourth quadrant.

This calculation is described as follows:

•BE • - • -(76)
(2fl + + 2nJI 0

where iBE s the extended Euler angle and n is determined by maintaining

a record of the first/fourth quadrant crossings as T varies with

time. To illustrate this, let the index of discrete time points at
which trajectory data are given be i which takes values of i -1
2, ... , k for k briakpointa, than

n 0 for il (77)

B BE - @BE (78)-I i = 2p 3 ,.., k

n + I when A*B < -A (79)

n n - 1 when *Bi r, (80)

This process is applied to the calculation of 1B since this Euler

angle is most likely to require extension beyond principal values. It
should be recognized that the Eular angle calculation contains
limitations on the range of B to ±H/2 and B to ±H, and that B Is

zalculated by assuming that the vehicle makes coordinated turns.

V1. COMPUTER PROGRAM

A computer program has been written to generate the sets of
spline interpolation coefficients which represent a vehicle trajectory
ar.d the corresponding Euler angles. The program is lWtended for use in
en otfline mode where the trajectory coefficients are punched on cards
or written to some other peripheral device for use in a missile-target
intercept simulation which requires a moving target.

28



All three options described in Section IV are included in the
program. The user selects a desired option via the program's input
data. The program is written in FORTRAN for a CDC 6600 series machine.
A listing is contained in Appendix A.

A. Program Composition

The program consists of the main program which performs
the input/output operations, calculates accelerations and angle of
attack, performs coordinate frame transformation, and controls the
overall operatiLon and the following subroutines:

1) AVELIN - Calculates cubic spline interpolation
coefficients for three functions of one independent variable.

2) RK4 - Performs Runge-Kutta fourth order integration
of velocity frame rotational rates, longitudinal acceleration, and
inertial frame velocities.

3) ATTAK - Interpolates in a trajectory using coeffi-
cients produced by AVELIN. First and second derivatives are also
calculated plus angles 4TO and eT0 for the case of trajectory X, Y, Z
cnordinates.

4) ATHOS -- Calculates atmospheric density as a function
of altitude.

5) GRVALT - Calculates local gravitational acceleration
and vehicle altitude above the earth's surface as a function of
position.

J
B. Input Data

Each trajectory generated requires one set of input data
cards whic:h contains the following elements, punched according to the
given formats.

1. Title Cards. These are punched free field and are
intended to contain a descriptive heading for the trajectory. The
number of title cards is unrestricted; the last card must contain ENDT
in columns 1 te 4 and blanks in columns 5 to 10.

2. Tra ory. Option and Breakpoint Numbers. This
card contains three integers punched in 315 format. The first integer
is a trajectory identification number and must be an integer in the

range 1 to 5; the second number selects the input data option
(Paragraph VI.A. 5) and must be an integer in the range 1 to 3. The
third integer is the number of points in time (breakpoints) at which

* input data are provided; t:he range of this number is 3 to 100.
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3. Euler Angle Indicator and A&%le of Attack Data.
This card contains up to eight entries punched in floating point format
8FlO.O. The first entry is an indicator to determine whether vehicle
Euler angle interpolation coefficients are required to be output - a
zero value indicates that Euler angles are not required, in which case
the next six parameters on this care are unused and may be set equal
to zero; i.e., only o is required. The remaining seven parameters

have the following meaning:

dCr
-- - Lift curve slope (rad)

1 i Expressed in degrees

dC- _ Lift curve slope (rad)

da 2

W
- •Wing loading in appropriate units (Paragraph VI.D.)

SL Sea-level air density in appropriate units

"HNORM "Number of feet per unit of length in which the trajectory
is expressed

go Sea-level gravitational acceleration in unita consistent
with the trajectory data.

4. Output Reference Frame Transformation Data. This
card contains six quantities read in 6FlO.O format and represent the
translation and rotation of the output reference frame. The data are
zO as components Xo, YO, ZO in the same units as the trajectory and

ý09 609 00 in degrees.

5. Trajectory Input Data. All data are read with a
format of 8F10.O. Card contents depend on the option number in Para-
graph VI.A. 2 as follows:

(a) Option 1 - Each card contains two sets of
data (except the last card which may contain only one set) containing
values of time and associated values of X, Y, Z trajectory coordinates
relative to the input reference frame. Time is required to be expressed
in units of seconds and trajectory coordinates in units which are
selectable by the user (Paragraph VI.D).

30



(b) Option 2 - The first card must contain the
three position coordinates and three velocity components of the
vehicle relative to the itiput framq, at the first time breakpoint
contained in the subsequert data.

Subsequent cards contain two sets of data, as in option 1, but
each set consists of time in seconds and acceleration In units of g
along the vehicle velocity reference axes.

(c) Option 3 - Data for this option is similar
to option 2. The first card contains an identical set of parameters,
and subsequent cards contain sets of four items consisting of time,
acceleration along the velocity frame X axis and angles WT and 8T

of the velocity frame relative to the input frame. Angles are required
to be expressed in degrees.

Note that in all three options, the number of sets of data con-
sisting of time and three associated parameters is given by the third
integer of the first data card after the title. Example sets of input
data cards are given in Appendix B.

C. Output of Resulti:

Results are output by the program in two forms. Trajec-
tory results, in which the piecewise interpolation coefficients and
associated times are included, are output to logical unit 7 (TAPE7 in
CDC 6600 SCOPE) preceded by the title read from the input data. This
part of the output contains th e following records, all in 80 column
card image format;

1) Title records identical to the input title
terminated by a record conta!.ning ENDT in positions I to 4 and
blanks in positions 5 to 10.

2) A record containing the trajectory number in the
fifth character position and the number of sets of interpolation
coefficients in the ninth and tenth character positions. This latter
number is always one less than the number of time breakpoints con-
tained in the input data.

3) Interpolation coefficients and their associated
time breakpoint in the order a 0 , a 1 , a 2 , a 3 , b0 , b 1 , b2 , b3 , co, c 1 ,

c 2 , c 3 , t where a,, bi, ci, i - 1, 2, 3 are respectively X, Y, Z

coordinate coefficients. Each record containing these data has the
trajectory number and the record sequence number contained in the first
five positions of the record in the format 12, 13. The remainder of the
record contains interpolation data in the format 7E15.7 output as a
string starting with the first time breakpoint set.
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4) For the case' where Euler angle interpolation
coefficients are required, these results are output in identical format
to 3) in the foregoing. Sequence numbers are reset to commence with 1

for this set.

The aecond form of the output consists of printed results which
includes the input data suitably annotated, the interpolation coeffi-
cients, and the vehicle trajectory at 0.25-sec intervals over the
input time span. The printed trajectory is obtained by use of the
piecewise interpolation coefficients. In addition, if the Euler angle
optlon has been selected, the Euler angle and angle of attack input
data (generated within the program), interpolation coefficients and
interpolated Euler angles at 0.25-sec intervals are prirnted. Addition-
ally, the resultant lateral accelerations (along velocity frame Y and
Z axes) in terms of g are printed with the interpolated trajectory
position and valocity data.

Sets of example printed results are given in Appendix B.

D. Dimensions and Units

The program is desigued to permit the user to select the
physical dimensions and units of the final output trajectory data. For
this purpose the input data must be consistent within the desired units
system. Units must be chosen for the following input data:

1) Option 1 position data.

2) Options 2 and 3 gravitational acceleration and
initial position and velocity.

3) For the angle of attack option: Vehicle wing
loading, sea level air density, altitude norzalizing
parameter HNORM*

4) Output frame origin shift relative to input frame.

Table 1 contains the units of each of the above for the British and
SI systems.

E. Error Messages

The following error message may occur followed by program
termination:

TRAJECTORY NUMBER OUT OF RANGE XXX OR TOO MANY SECMENTS XXX

where XXX are respectively the trajectory number and number of break-
points read from the input data. This message appears when the tra-
jectory number is greater than 5 or less than 1, or when the number of
breakpoints exceeds 100.
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TABLE 1. INPUT DATA UNITS FOR BRITISH AND SI SYSTEMS

Parameter British SI

Vehicle position ft r

Gravitatioral acceleration 32.17 ft/aec2  9.807 m/sec 2

Velocity ft/sec m/sec

Vehicle wing loading lb/ft 2  kg (weight)/mr2

Sea-level air density 0.002378 slugs/ft 3  0.1244 kg (mass)/m 3

altitude normalizer 1.0 ft/ft 3.280843 ft/m

H~NOB14 J___ __
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LIST OF SYMBOLS

AO Acceleration vector relative to the output refer-
ence frame

Axo, Ay 0 , A 0  Components of A along the output reference frame

axes directions

Axv , , A Components of vehicle acceleration along the vehicle

A v- velocity frame axes directions (velocity frame from

the input frame)

Axv0, A 0  Zvo Components of vehicle acceleration along the vehicle
yv velocity frame axes directions (velocity frame from

the output frame)

aO, al, a 2 , a 3  Coefficients of the piecewise cubic polynomials

[B ] Tridiagonal matrix of independent variable break-
point intervals for calculation of cubic spline
coefficients [Equation (37)]

c Vector function of independent variable intervals
and dependent function values required for calcula-
tion of cubic spline coefficients [Equations (37)
and (39)1

CL Ve.hicle lift coefficient

D Operator representing d/dx

F Interpolated function representing f the true
function

ft iFunction values, to which the piecawise splines
are fitted, at the ith independent variable
breakpoint

fi Dfi

g Local gravitational acceleration (magnitude)

go Sea-level gravitational acceleration (magnitude)

Gravitational acceleration vector in the output
reference frame

Sgx0' gyO, gz 0  Components of gravicational acceleration along
the output frame axes directions
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g ,g zvO Components of gravitational acceleration along the
velocity frame axes directions (velocity frame from
the output frame)

H Vehicle altitude above the earth's surface

H NORM Units parameter: number of feet per linear unit
of the trajectory data

hi(x), h•(x) Cubic polynomial piecewise interpolation basis
functions

it J, k Integer indices

L Vehicle aerodynamic lift

N The number of independent variable breakpoints over
the interpolated range is N + 2

n Integer index

p(x) Piecewise cubic polynomial

q(x) Piecewise cubic polynomial

R 0 Rdius of the earth

-rn Position vector relative to the input reference
frame

rk(x) Piecewise cubic polynomial

Translation of the output frame origin relative
to the input frame

r Position vector relative to the output reference
-out frame

S Vehicle wing area

IT]I Direction cosine matrix of the output reference
frame relative to the input reference frame

[T) Matrix of direction cosines between the output
reference frame and the vehicle velocity frame

t Time

Ita], I t ], Component transformation matrices which form

( 01, It I[Tvo
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t Discrete breakpoints in time at which trajectory

data are given

V Magnitude of vehicle velocity

Vx1 , y Vzi Velocity components along the input reference
XI Yframe axes directions

V V V Initial condition velocity components in the inputVXc VyICI VZIC reference frame

V xo Vyo1 Vzo Velocity components along the output reference
frame axes directions

W Vehicle weight

X Ytn z Input reference frame asea

X1 1 Y 1  ZI Coordinates relative to the input reference frame

XO YO, Z0  Components of E0 relative to the input frame

X out' Yout' Zout Output reference frame axes

X Xv Y v Zv Velocity frame axes

X1, Y', Z' Intermediate ares between the input and output
reference frames

x Independent variable of the exact and interpolated
functions f and F

x Diacrete values of x representing breakpoints for
the interpolatton process

SAerodynamic angle of attack (magnittide)

aI Anglt of attack at which idealixed lift curve
slope changes

a TO Aarodyuetc oangl of attack with approprtate sign

Af ~ Differepce between successiv& pairs off

Axi Independent variable breakpoint intervals

Ax Piecewise independent variable, x x
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SABI Increment in vehi.cle Euler angle B between the ith
and (I - 1)th breakpoints

At Piecewise time variable for trajectory interpolation

6 Kronecker delta function (0 when i # ., I when i - J)

nk,i(x) Lagrange interpolating polynomial basla functions

SB' OB' *B Vehicle Rulur angles relative to the output
referenco frame

00' 80l 40 Euler anglea of thje output reference frame relative
to the input reference frame

*T' OT Euler anglee the veloclty frame relative tO the
input reference fr4MO

•'TQ' 6 TO' "O Euler angles of the velocity frame relative toTO* M the output reference frame (ýut with defined by
the vehicle bank 4n$1e)

6TIC' OTIC InitiAl values of* T and eT

ýBE Definition of B extended beyond principal values to

allow first/fourth quadrant croeeir4,s to be
continuous

P Ambient atmospheric density

SL Sea-level atmospheric density
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A~ppndix A. COMPUTER PRC2RAM LISTING
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PýVGRAM T.0..JEC 74/74 OPT ul FTN 4?44743S! 04011s/76

FOrFAM 4RjEC (INPUT,9OUTPUTo PUNCH ,TAFE58INPUTTAPE63OUT3 UTýTAPETI

c THIS r-VO0RAP GENERATES~ TPAJECTCRIES IN THE FORM OF PIECEWISE
SPLIN: Z14Ttf4POLATXON COCFFICIENTS AT GIVEN BREAKPOINTS IN TINE,

C
C TRAJECTORIES ARE CUIPL'J IN THE IFORM i(C SETS 09 CUSIC SPLINE
C ITRL1tNCOEFF~ICURTS R~EPRESENTING Xo Yo Z COMPONENTS OF
C A 1),Aj.C'TORV TQi~tNE--R WITH THE ASSOCXAlr) TIME. THUS. THERE ARE
c t.3 IfF4S FOq EACH TRAJECTOPY PCINTo

C TA..C-Fr INPU'T TFAJECTOkXE MAY R4E SPEC~IFIED IN4 TERMS OF X, Yo AND Z

c cr~4QO.EtTS OR AS ACCELLR~ATION COMPONi.-NTS - LONGITUDINAL* NOq.'AL
C ANC 9ALIZAL - AS FUNCTICNS CF TINE* FOR THE VARIOUS INPUT OPTICPKS
c !Ef THM. PROJ;RAM CaoCUMEt4TATIONo
r
0 P-;CEW:.sE iPLINE RFPR SEr4TAFIO 00 h --ULFR ANGLES IS AVAhLARLS AS AN

c OPTION INi WHICH CASE ANGLES CF ATTACK PI1A1 BE INCLUDED. CULER
c AN(,LEL A~f CA1CVJLATED ASSUMING COORCINaTED TUJRNS.

c THE CUTP¶JT FRAMiE "IAY _AE TRANS9FCRMED eY TRANSLATION AND ROTATICNo,
c FELATIVE TO THE INPUT DATA REFERENCý FRAME.
C
c CuTFUT OF THE IrdUERPCLATIOý. COEFFICIýt4TS IS TO UNIT 7 1~4 CARO

C IMACF 0ThmAT OIH~.,~ *ERE T~c' 2 INIEGEPS ON EACH GARD
c A~i 1If.)jXCT3RY NVJMýER 1l to 5) AND A SEQUENCF NUMBEF~. COEFFICIENTS
c AD. It T$fE CROE3R AU Alt A2po**oT AT EACH POINTo
c
c A.C..JILLY, UECEM'3ER 1975.

b I N ýI ON TFA J (1~-199b. XTRAJ (12 87)j XYZ(3,100)
!"I N I ON LABEL(0 v 71MHE (IU0) TIM(3, 31v XV1C (3)

Q)L!VA LEtCE (TRAJtX TiA J1

V XM(1Cna1, A2 (3 v 13) sA3 (3o iOG
L;II I izOiN VOL (100 , V014(1001, VORf.0QI
C.OPICf /-WKGT/ VT' * SITO THET, RT. (3). V TO (3)
CO,'rnr /TG;T/ TTIEV FT :3 ) VT (3) v ANGL(3)v ACC(3)

CATA TWOPI/6.ZS3185318/
C
C INTH-i-CL'ITICN STATEMENT FUNCTICN

C P1 FIFTEArCCttNIT,1J AL~. (IJ? #TINT*(ACC (IJ*II ACC(IJ)

C READ AND OUTPUT TkAJEcrnkY TITLE.

rbPAGF !4PAGE.1
LIN.ES 3
N~P A!S 3

I rEAL' (3,93JP LAELL
IF (L 5 15 . NE. 0)GO TO 10JJ3
iR1TE (6#9ý11 LA3EL

w;ITE (7,93") LA3EL
t(L.o3ELf1D1fNE.1CNdENOT )GO T1 IL
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"ý)OGRAM TRAJLC 11/4 OPTul FTH 4.Z+~7435594147

00 t Z'v1,9q
RJ (1 30 1

C
C **REAC T;ýAJECTGRY 14UMt3ER AND TRAJECTORY GENERATOR OPTION AND
C NUv:RER OF TAAJECTORY POINTS (UP TO A MAXIMU"t OF 211

READ (,v~t;) ITRAJv,OPTp14SEG
WRITE (6*6901 ITRAJ9 IOPT. NSEG
LINES m tINES43

IF (ITRAJ.LE*5 sAND. ITRAJ*GT*C oAN0*NSEG*LE.IOOIGO TO 21
W4RITE (699211 ITRAJ, IOPTt NSEG

C TCl
C

2. 2E AD 4-#10 A1ZO,oSLOPE1,ALFAISLOFE-2, WOSRHOSLIlNORMG3
IF (tl4KO.NEv.o.WRITE (6.0150i SLOPE1,ALFA1,'3LOPE2,WO!,oRHOSL9;INORMt
IF 1AXNO.NEo.ILINES aLINE5Sd.
AL'vA1 ALFAIPTO

C
C 4*' READ F0AME TRANSFORMATION OATA F~OR TRANSFORMINC, TO IME OUTP'JT
C 44* TPAJECTORY FRAME. TRANSF-CRI'ATILN PARAMETE~RS ARE TRANSLATION AND
C A* OTATI'UN COMPONE.iTSo TH1E LATTER IN OtGREES 9 THE FOR1OER IN
C COt-.ISTENTLY APPROPRIATE UNITS.

C 1.4 4.),4401 XYZO, PSICt THE13, PHIlj
NPITE (69BA.3) XYZCs PSIO, THETO, PH.EQ

LItFr~S 2 LINES+?

GO TCIJO,50950 )IOPT

C TRJCOR 1PUT AS A SERiIES OF X, Yq Z COODINAIES
C

3 KCA0CS -a NSFG/2
IF (NCAR0S*2oNCNSFtG)NCAROS HIOARD-13-o
CO 41 :vlqNCARDS
J =24(I-ilti

I TIMi(J.1bXYZfIJ.II. XYZ(2,PJ+1)i XYZ(3*J~it
6RITL (Vj 9 881) TIME(JI, XYZilsJhc XY7(Z,J), XYZ(3,J),

I YIMEOPJ.i, XYZ(lJ*13 , X'VZ(2,J+lIo XYZq3tJ*13

kl. CONTINUiE
GO Ic I7ý

C
C *~OPTICN* 2. LONGITUDINAL, NOWPIAL AND HOGRIZONTAL ACCEL7RAT'NS (IN
C G -51 ARE INPUT FOR EACH OF NSEG FLIGHT SEGMNETSo THE ACCELERATIONS
C ARE Cf FINED IN A lAilkET FRAME WHOSE Al-AXIS IS THE TARGET VELOCITY
C ANO Wl"TCH OOES NOT ROLL W1YV4 THE TARGET. ACCELERATIONS ARE
C 1' NTF GFATZD IN AN INERTIAL FRAMf TO VIELO THIF TPAJ; 'CTORY CF
C POSITION DATA TO WHICH THE CUBIC SPLiNE 1S FITTEO.

C * FIP~l mEAO TARGET INITIAL FOSIT1O( AfD VELOCITY llq THE IK~RTIAL
C *~FFA ME
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PROGRAM TRAJsEC 74/7* OpTaI FTN~ 4. *ZOP355 ok?4#21~74

C 'NFXI THE~ SETS OF ACCELL4ATIOPO COMPONECTS AND ASSOCIATED TIMES

IF i(Nf(AROS2aflE.NSEG)NCARDS a NCAR0)S.1

* Cc PC AuCAD

i 1Y
FEAD 11,141) TIMEJW, VOL(Jgi VDRC(Jl,. VONIJ)o

XI TMJ+10 &I VOL fJJ 1) VWkt J411 ,jON(J0.A
WRITE 16,W) TIMEIJh. VOLWJ) VOQIJ)-o VON(J)v

11NLUJ+I, VC3L(+llo *vORW4*IhV0N'(J4I?
LtKtE Y LZNES+9

6jz CONTINVE
IF tIOV1vEQ,3)4 Tc IýQ,

C 'CALCIJIATE i'Ak~E INITIAL CONLUtTI3OeS

arPIz VT0TEMPVTC~lD*VTGI4fl*T

PSE7 ~ ANZ(VQQ~qVTQCý?$
THEY ATANZ(-VT 3) .SQ<T (TEMPS)

I. 1A CONTINUE

C 60* GZTv.A EACH TIME SEGMENT INtU iO ST-P-S FO NTEýRATJON AND
C CALCULATE TARGET POSITION O8Y RX-'. 1UMERICAL INTEGRATION.

C
JUP xNSEG-1

DELT v TINE I&.1J-T1I1ErI
OT DELTW~.
T TINIEtil
CALL. G-;VALT(GGRtT2,NNOiRM9G0ALTl
VOLLNG a GOVOL(to
VOINCR.M a G*V0N(IJ
VOFAOL *6VRI
CO 7c Jwlola
IF £IOP)T.EQ.3)GO TO ?0

VOLOiNG * G*FINT(VDLTINIX
VORACL x 69FINT(VOP.,TINTI)

*UOP v 6TNTfVONqTINTI#
I CALL R,'dV2YLCNG,VORAkOL.'qDtiCRMt~bOTI

8ýXYZ(I3telJ x RT,0jJ

GO 1-1.~71

C "'OPTION 3. TRAJECTORY DATA ARE SPECIPIED AS LO.NGITUDINAL ACCEL-
C f-RAT 1ut., TARGET FRAMlE PSIT AND TARGýT FRAME THEY AS AR8ITRARY
C 4*4 C TIONS Of TIMtE* PSIT AND THET FUh(CT IONS ARE CONV9RTE0 TO

C''EQUIvA',.ENT ACCELERATIONS i4HICH ARE INTLGRATED AS FOR OPTION 2.

10' PSIT VJR(t)/RTD
7TH47 VT3(iL)/R

VlaVT-4(l)RT
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PRCGRAM 7TkhJEC i741- Opya2. FTN 4.2*74355 04/1"M'?

CALC.WAT lrs0,T&,NORi.GALT I

aT vTT.OT*.5*(V0Ql+bVOtA1'lMlG
5*~(VuVDNtX~VNI,1lb/RTo

QA = rY/01*470*G)
If x (JA~I V0N4Z41)-V0NlI)l
CA - A'COS(THETM14(VORtI+1I-VCR41))
WVilhI1 a QA
YON1I) x -ZF

C
C *~CALCULATE TARGET INITIAL, CONCI1IOINS

VTT = VT(1l
VT,11I VTT*C0S(THlZT)*lOStPSXT)
VT . () 2 TT4SIN (-Tt4ET)
VT.I13t VTT4C0SlTHET)4SIN(P'SI7)
GO TU ,5

C TWAl.!FCRi 1TARGIL-T FOSITION rUORCtNAT~.- TO THE OUTPUT FAP4.A;r

1;CSI "OS(PSIL.'RTO)
SSI = 'A PSIC/RTO)
CTH r COS(THETI6/RO)
t~l i = S1NITH~ETO/PTZ23
CFI = COS(Pý'L11RTC)
-'F

TM(i14) = CSI*CTH
TM(-siJ I = STH*CS P17S SSI Cv I
7M ( 3. s STH*CS1'#CFI+SSI#ýFI
YM Q.2I 1 =Clr*SSI

IM 2 2 =CSI*CF S TH*SS,*SF I
TM ( 3 2 1 SlH*SSI*C0I-tGSI*S0I 3
Tt'113) -5TH
TM (2, 3) =CTH*SFI
7M (3P3) CTH*CF.I
Mi I16. JL1,13E
DO 16. #=19N3E

I C PT,^(J? 2:XYZ0*VX-XYZOIJ#
DO 19 J=l , 3

C *** OW MC~ULATE CUjIC SPLINE COEFFICI:NThS

20( CALL A EI(IEXZNEstvLAoMv*YM'~A9RJ

C *of FRI~T iNTERFOLATION COEFFICIEN'S

WRITE (6,83)1
LIFE - LINES+2
00 2sr IziqmSEG
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PiOCRAei TR.'JEC 14/i?'. C1pToI FYN '.2#?43$5

LIKES a LTNESG'6
IF ILIl4E;*LT.5616G0 TO z5s3
WRITE I6,8Tl) 14PAGE
NPAS( a NPAGE+!L
LIfES x I

2S CONTINUE
LIKES 8 LINES*i!

C *fdUPT TE INTE~RPOLATION CCEFFICIENTS AND TIME TO UNIT 7 IN A
C STOII4G STARTIN4I AT TRAJ(Lt1) PLUS TRAJECTORY AND SEQUENCE
C LUPREF3 %N EACII CARD.
C

=S- x (4SEG-11IL3

21 Jx I*,
IF lj.GT.MS!'GfDaMSEG
NP171 (7o9Sj) XticAJ# XSEQ, (XYRAJ(K)P.Kal*Jl
I u ~
ISEO xISEQ,1
IF (JtLToMS'-G)GO TO ZIC

C 000 GENERATE TARGST POSITION AND RATE T,-RMS AT 1/4 SECOND INTERVALS

YTPIE 2 0
OT = .2

JUF a lIFX(TIMEfNSEG)/0Tl.1
I.RiTt. (699651
IF (NfS3.,EO@JWRITEf6s973f
ZF INPASS.NE.o0WRITE(6,9751

* ~LINES 2 LINES~1
* GO 227 ZllJUP

CALL ATTAIC(TRAJO
CALL GýYALT(G09RT*H-NORM,GtALTl
CS,' z COS(AA6L(1Il
SSI w SIt4IANGL(L))
r.T04 COS(ANGL(21)
5Tlq a SINIAtNGLI2I)
VACC -ACC(1)*SSI.ACC(2I*CSI
ZACC zACCt1)*CSI*STH+ACC(2)*SSIwSTH*ACC(3I*CTH
YACCz SQRT(YACCvYACCtZACC*ZACCl/C.
PSIT % ANGLI11ORTO
THEY = ANGL(2DRTO
IF INF ASS. EQeg )WRITE 169986 TTMEtRT#VT*PSITvTHEtqyACC
IF (NFASS.EU#r3)GO TO 2o6
00 zcý J2J,,3

IFTgjl = T(J)*PTO
2Lý VT(Jl zVT(J)*RTO

WRITE (6095S) ITMEt RT9 VT
2CC CON'TINUE

LIN~ES = LINES.1
IF (LXNES@LT.60)G0 TO 21.5
WRITE 16,67.ý) NPAGE
IýPAGF' 2 NPAGE*1

2~l TTME4FOT
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PWOGRA1N IRAJEC 7.i/?. UPTaI FTH 4.*31 141

22 CUNTI&UE
WR ITI 46t J911
LINES a LINES-'
IF' (LI I*.ES.LT.SA)GO TO 225
WR IT[ (6,6a?;
LI NlýS x3

22! CONTINUE
c
GCV CALCULATE TARGET EULER ANGLES 14CLUDING ANGLES OF ATTACK.
C 468 TAh-CET LIFT COEFFICIENTS ARIE CALCULATED FRO" LIFT CURVsE ;LOPES
C 09AMIC WING LOADING*
C

If (AINO.EQ*Go.GO TO 4.
WPIYE 46#660.
LXNtS aL1N'S*6
CALL F:LSET(TRAJ)
N0EV *

4CO 23 ImI,,NSCG
ITTr TIMIZEM
CALL ATTAI((TRAJ)
CALL (,,AVALTtG0.RT #14NORM,G 2ALT)
CALL ATP4OS(ALTORI4OSLORMOJ

C

GXx *mi3

C *'TNAIqSFC-RM ACCELERIATION AND OUTPUT F4At4E GRAVITY TO VELOCITY FRAME

CSI a COSIANGLI11)

LTH - COS(ANGL(2))
STM a SINIANGL(Zt) I
YACC z(GXO-ACC(111SSI.(ACC(2t-GYO)4CSI
ZACC = GXe0-ACC(tiIICSI'PST",CGYO-ACC(2)J'SSI*SlH,(GZJ-ACC(31))CTN
IF 4A:'5(ZACC).LT.I,E-3G)GO TO 235I
ANGL(31 x ATANtYACCIZACCO

f, GO lU 2383
235 ANGL(31 2J.j
230 CONTINUE

ZF = WOS*SQ;T(YACC'PYACC.ZACC*ZAC;C)/G
ALFI ZF/QA/SLOPEI.
IF lALoT*LE*ALvAl)G0 TO 240
ALF? ZF/QA-ALFA1*SLOPElt /SLOPE2.ALFAI

2a.. IF fZACC.LT*O.IALFT a -ALFT
CFlz COS(ANGLI31)
SFI a 3I1I(ANGL(3))
CAL aCOS(ALFT)
SAL x SIN(AL.FTI
XVZI19t) z ATAN24ICTH'SSIOCAL-STN*CSX*CFI*SAL),(CTt4'CSI*CAL-

I SSI*Sgl*SALII
XYZ(2, I) w ASIN(STHMPCAL*CTt4*CF ISAL)
XYZ(3*I) a ATAN2(CTH*SFI.(CTHICFI

4 CAL,-STH*SAL))
St )XYZ(lIot
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P? CGR4. M I R. Jet C 74/1" UPTal FI -*2735 ý/,/

IF I T. 0.IS; w z I+TWQPI

IF (iF.GlsT.PNRE4 n A' -

24;~ SIC 3 St
Xi~tZ SXlNRKV*ThOPX

TNLET * EV?,I'l*W1O

ALF1 . ALFTPRTO
WP 1YC t6.9~5qI TT4EI'StT#YHLTFlT.AL01i

IF' -L WNoLTs60G0~ TO Z3ý
idI:TE lfiv0?; 04PAG~r

23. CONT IN UE

82! FOf-FAT 1s FI42,432p 3(4SP5Xt NEf*81 LAUC I UrI1NS

8'.. FOAVAT (11440 50K 27'4OUTPUT FRAPIE TRAN4S ORM4T ION, of 1?X ZHX.4, IEX
1. 2 IýY L 9 1E ZHtL, 16X 9HCPSI'..(0EG)9 9( IGHTtHETC(OEG), 10. 9HPSXE(OEG
Z19 13Y 6Fl9#21

85. FOriAT (LiIO, 4.6X 34HEUL.ER ANGLE2 XI~tEPOLATION SELECTED, I~ i3x
I 9H1(CCL/JA)II t4E 5HiALFAIv LIE 9H(OCL/OA)2, i6X 3HW/S, 14X SHRI4OSL
2 o 14X 5,4MNCRM,q / 4(9X F1.1 al9X P1lE511

86 FO ;AT (/0 48X 3?MEVLE~R ANGL4S ANO ANGLE. OF ArTAO,((OEG~, / '.2X
I ',HTZM~, 8X 3HPSX, 6X !P4THETAP OX 3MP1419 ?X 16MALFA-

07ý. FO~f4AT lH±~4j 36X SSHTRAJECTORY GE~NERATION BY PUCEWISE SPLINE INTE
1POCLATION , /37X 5511H-), StX '.HPAGE,. 13 /1

83 FO'd'AT (.#SX 4FIJ*31
8 9L' FOAM'AT (IMO* / 30X 1.7NTRAJECTtUPY NO. 1 2, 1OX 13MOOTTON NO* x

2. 12, IýX 21NHOo OF i3PEAKPOINYS x 131
W9 rOkliAt (11 50X LZHZNPUT TABLES,* v..x 4HTIME., 5X 6?IX CO04P, *.X

I ýHY COMPf '.X 6HZ CONPI

92, v"'MAT (f. 20.' *TRtAJECTORY NUII'3CR OUT s (RANGE#* 2X 115s *OR Tý "'A

94t¶ FOPEAT (SF10.31
93a FO4MAT (SAID)

96 FOPMAT W/i 20E 41MN OF RUN*)
q6 1OVMAT V/1 3PX 72MINTEPFOLA-lO TRAJ-TCTC1RY rJATA(IINEAR V41TS FrZC4 I

INPU19 ANGLES IN DEGREES)
9,.FORIr.AT(1'X 4H TIMEv LUX INX9E ILK lIHY, LJX INZ. 9X 4HXD3T,
16X LMYi)OT# OX 4HZQOGT SE 'HPSIT, 7X 6HTHETATo 4X i3HLAT ACC(G))

971 FOTMAT ( 27K 4MTXNEIoE0 '.NPSIT, SIX 4HTH1EIt, OX 4HPNITs 7)(
I5SPSITC, 7X 5HT141TO, 7X 5IIPNZIO I

901. FORMAT TYK F6,3, IF12.31
98; 90PF'AT (35X gvllofl
99C FOI;MAT (f////l

PR~OGRAM YRAIEC 74/74 OPTal 07TN 4,.2*?'.155 041i14/7

99! FOR"AT t21K IF12.2)
F14C

46



C T141 !UB9IOUTINE CALCULATZS SPL-iNe IIT(FPOLATICN COFPVITENT~S

C TO FIT T-iC X, V, Z COORDINATES TRANSrlITEOff IN WRAY XV!.

C TH. WU41ý.R CP SETS OF DE:FTNUENT VARIRABLES 13 GIVElf s3Y NY AND TH.

t; Kk:'"ThR OF E3IREAKPOINTS IN THE ItNDEF`Eh,-;Elk VAPIABLE IS N.

C, CALLULýTE IN'TERVAL IN THE INCEFENJEot. VAk!AALE.

C 4 0 CAL(UL:-TF2 CONOITIONS AT THE EXT)E~IWI:ES.
c

1 2

I x TIMLtI-i

y 21 1 I I I

HI. :

f, 2-, LY:1,NY
y a XYZ(IV,I-1)

y XYZ(IY,I) 4
i CA i-cULAT 2CU YA-Y N *Xl+(Y2-YII'XUC

B2 H %I2HlK41i'tH2*YO (I

2")M( ) -(18*1
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ROUUtNE AVELIPI 141F'4 Op~u2. FIN d..e,74.355 i/.

00 ?a IyalNY

INO w "I
Do Go sKaZZNO

fXYZIXYK*I)bEVlZCVK)IiNVC,~lIJ
6~r AtIIYqK) a GA-XL.AN(K)9A2CV.K-tI)l0PjK)

00 YC Kf~u2*IN0
XIIIIYqKl a QIKl*XH4ZYK*ll*A211Y,K)

7;CONVINUE

C CALCULATION (' PO#.YNCMIAL COEMPICZENT.S

U13 ua /U

Ya z XYZfjYrj*I7-XYZ(1V#J)
NO az XN(l1,J,1#.MMIjY,JI
xt a X'*ExtilloJJ
AZ(IY.Jl U12*I3.'*Ya-U1-XI

St A3tTYJl Uj3(lUl*Xg.2.Y0)

V * STQPAGE OF COIEFFICIENTS :N ARRAY TRAJ
C

00 ICC K*2,N
J 3-3
D0 90 Z1*1NY

IRAJ(JtK-11 a XYZ(IK-1)

7RAJUJ*2,K-IJ A~X.flK1

9C- TPAJIJ+3,,K-IJ A31K1
I G. TRAJ(INO.K-t) x TINEIK-11
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ROUTINE RK49  74174~ OPTz& FYN 4..2+74355 04i.f?7

SUBROl1TZNE P9(4 VOL 9VCR* VONTIMEOT)

C THITS TuejoUTIt4E LNIEGRATES THE TARGET- ACCELERATION AND VELOCITY
C TO GIV,ý' 1ISPLA4CE!ENT IN AN LNERTIAL FAANE* ACCELERATION COMPONENTS
C XIN THE TARGET FRAME ARE CONVERTEX TO TIE TARGET VELOCITY AND0
C TA~raCT FRAME IEJLER ANGLES PSIT AN40 THEy.

COI'MON /4KTGTI TST(619 001S
DIMENSION A16)o 3409, T46), TACCW6

TACCIII " VOL
CT14EI * COSITSTI31)
If fCTMETaEO.0*)G0 TO 5
7ACCC21 v OR.OCTHEIE/TST(lI

t. TACC431 a -VON/TST(11
SToHTT SImlTS1T3))
CPI'S a COSITS1421)
$PSI x SIN(TST(1))
VT Cl) CTHET*CPSI*TSTI1.I
VTIZI CTZT*SPSI4TST(1?
VT 1) -ST4ET*TS7 (11
TACC44 I x VTII)
TACCISI VT42I

GO 1O(1*0v90,5a30f

SIX) = TACCII)*OT
15 TSTIZ) z TST4U)+.f*S(II

GO TO 4.0
2-. 00 2,! 1=196

All) = tT'TACCtX)

2S TSTIII s TII)+.5*A(li
GO To' 4c

5s. 00 55 Is196
Atli D T*TACCII1

5t. 7514!) w T(IW.A(I)
GO TO 40

3f 00 313 l2196
3', YS7111 TII)+ISII)+OT*TACCtI))/6.

TIME zTIME4OT

ENC
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-7wr-

RJUTINt ATTAK 74#7 OPTal rTt4 4.2+74.355 0u1

SuiRrouTtwE ATTAKITRAJ)

C Y"P.5 SUBR~OUTINE UETERKiNES TARGET POSITION. -VELOCITY AND
C ACcEurQATION AS A FuNCTION OF 71HE ay CUSIC SPLIN4E INTERPOLATION
C PRE-CALCULAr-ED INJTERPOLATICH COEFFICIENTS
C ARE STOREV IN ARRAY TRAJa
C

CIMENSION C(12)o likAJ(I3,Z
COPMON /TGT/ TOISFLv Y(9), ACCM3
DATA I(EEG1//
T1 v TOISPL
IF (T6-AJI13oKSEG).EQ*-l.E6I,(SEGAI

I!- IF tTl.LT.TRAJl13,KSEG1PGO TO 20
IF lTI.LE.TRAJ(i3,KSEG+I.))G0 TO 30
IF tTPAJtl39KSCG,1)*EQ.-l.E~lGO TO 30.
KSEG zKSEG~1
If (KSEG.LT*20)GO TO 10
KSEG = U

VG 5TO 30
2c. KSEG = SEG-1

IF (KSCG*GE.11GO TO 10
KSFG aI

30 00 'C 1IsL,12
4.C C41) a TRAJ(IISt.G)

IL T¶3ISPL-TRAJ4139KSEGO
T= tL#(C(31*T1*C(d))

TI. 2 Tl*(C(11)+*T1C(12I

YEa CE5)+Tl*ECEbD.T3)
Y1(3) C19)+T*TIEC1Op+4T'

2(. CE2leT2.TZ.TIOCE4)l
Y(51 CEB).T3+T3*Ti*CE5)
YME C(10)*T4.T4TI*~1CEI~L
YE?) 2ATAN2tYE5lsY (I))
Y(81 ATNCYb*QR( PY4+Y54Y5)
YES)a U
ACOII.) u 2.*CE3)*6.*C(I.)*Ti
ACCE?) m 2.0C(7l6*e.C(8)*Tt

RETURN
ENTFY RESET

uSE
END
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4OUTINE ATMOS 14/74 OPT=I FTN d,.2+74355 0d!•-7

SUW3;UCUTINE ATMOS(H#RHOSLRH401

C THIS SUBROUTINE CALCULATES ATMOSPHERIC DENSITY AS A FUNCTION
C OF ALTITUDE. DENSITY TABLE IS NORMALIZED BY ITS SEA LEVEL VALUE
C SO THAT OZMENSIONS OF RHO ARE THISE OF INPUT PARAMETER RHO.;Lo
C THE ALTITUDE TABLE IS NORMALIZED INTO UNITS OF 1000 VEET.I6 TARGET
C ALTITUDE IS EXPRESSED ZN METERS THE FARAMETER NNORM IN THE lAIN
C PfR6FCGRA MUST BE 3.s28081.3.

CI,*hST'.;t ALTTB(321tRHOTB(3Z)
DATA ALTTB£ .*o 1.o 2.o 3.t 4.v

1 5,. 6., 7., v aso 9,
2 10.. 12., 14., 16., i8.,
3 20,. 22., 2... 26.. 28.,
. 30.. 32., 31,, 36., .0.,

-6o. 50,v 60., 70.. 80.,
6 90., 100./
CA TA RHOTB/ 1.o *97138, .94Z769 .91498t "88005.

1 .86195. .83586, .51061, .7862, .76221,
2 .73864, .69318. .65025, *60943. .57029.
3 .53325, *49790, .4E465.t .43308, .40320,

4.37483, .34806, .32273, .29q91. *21.714i
S.18544, .15311, .'94865* .'588Mt, a336532
-L, .023089. .01321/
HI A3JS(M~1OOG,
CO I.( I=?,32
IF (HI.GE.ALTTB(Z-;).AND. Hr.LE.ALTTB(Ir)GO TO 211 S2,•I CONT INUE '

I = 32
2: RHO (PHOTB(X-1).(RHOTB(Ib-RHCT8(I-1))'(HI-ALTTO(I-1))

2 /(ALTTB(Il-ALTT5(I-1t1))RHOSL
ENC

-ROUTINE GRVALT 74/74 OPT=l FtN #.2+74355 C.4/14/7

SUOP'OUTINE GRVALT(G0,RHNvGALT)

C THIS FCUTINE CALCULATES TARGET ALTITUDE ABOVE THE EARTH-S SURFACE
C ANV ThW LOCAL GRAVITATIONAL ACCELERATION ASSUMING A SPHERICAL
C EAW'TH OF RADIUS 20.5E6 FEET.
C

c F 'NsrION R(3)
DATA RO/20.89w 32E 6/
,SC = (RORI3)'HNJ''2
GPF = (R(1)#R(1)+R(2)*R(21)*HN*HN
A0. SQRT(GPR+RSQJ-RO
G = G&,WRO3R/RSQ
END

51



Appendix S. EXAMPLE TRAJECTORY RESULTS

This appendix contains a set of trajectory results corresponding
to each of the three input options. In each case the Euler angle option
has been selected. The first two trajectories are expressed in SI
units and the third is calculated in British units.
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4.4 N4AANA6A.IA

*~~I As As As As AsA AsA 4
.4 N.11 o It r " on W) N s .4.4 A.41Ubf-low tfr* .AU

V4 4.1 I 10. .CII
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